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On submanifolds with reurrent seond fundamental form in spaes of onstant urvature.
On submanifolds with reurrent seond fundamental form in spaes
of onstant urvature.
Irina I. Bodrenko
1
Abstrat
The omplete loal lassiation and geometri desription of n-dimensional submanifolds F
n
with
reurrent nonparallel seond fundamental form in the spaes of onstant urvature M
n+p(c) are
obtained in this artile.
Introdution
Let F n be the n-dimensional (n ≥ 2) smooth submanifold in (n + p)-dimensional (p ≥ 2)
spae of onstant urvature Mn+p(). We denote by b the seond fundamental form F n, by ∇
the onnetedness of Van der Varden  Bortolotti. b is alled parallel, if ∇b ≡ 0. Numerous
artiles have been devoted to the studying of submanifolds with ∇b ≡ 0. The syrvey of those
main results we an see in [1, 2℄.
Aording to the denition of the reurrent tensor eld [3, á. 279℄ the nonzero form b
is alled the reurrent one, if there exists 1-form µ on F n suh that ∇b = µ⊗ b. We will
say that F n belongs to the set Rb if F n has reurrent the seond fundamental form b. The
submanifolds F n from the set Rb in Eulidean spae En+p were being studied in [4℄. In
this artile we lassify the submanifolds F n from the set Rb in spaes Mn+p(c). The set Rb
inludes all submanifolds with parallel the seond fundamental form but not only those ones.
For example, the produt of the plane urve γ ⊂ E2 with urvature k1 6= 0 and (n − 1)-
dimensional spae En−1 is ylindrial hypersurfae F n = γ × En−1 ⊂ En+1 belongs to the
set Rb [4℄.
For eah point x ∈ F n we denote by TxF n and T⊥x F n tangent and normal spaes of
F n at x respetively. Aording to [5℄ we will say that F n arries, in arbitrary domain
U ⊂ F n the onjugate system {Lk11 , . . . , Lkmm } (k1 + . . . + km = n, dimLkii = ki, i = 1, m),
if TyF
n = Lk11 (y) ⊕ . . . ⊕ Lkmm (y) at eah point y ∈ U , all distributions Lkii , i = 1, m, are
smooth, involute and mutually onjugate. Moreover, if Lkii is mutually totally orthogonal
then the onjugate system is alled the orthogonal. Submanifold F ⊂ F n is alled the surfae
of urvature F n if, at every point x ∈ F, its tangent subspaes TxF are proper subspaes of
matrixes Bξ of the seond fundsmental form b with respet to arbitrary normal ξ ∈ T⊥x F n.
1
©2005 Irina I. Bodrenko, assoiate professor, Department of Mathematis,
Volgograd State University, University Prospekt 100, Volgograd, 400062, RUSSIA.
E.-mail: bodrenkomail.ru http://www.bodrenko.om http://www.bodrenko.org
1
Irina I. Bodrenko.
The main result of this artile is
Theorem 1. Let F n in Mn+p(c) belongs to the set Rb. If, at point x ∈ F n, ∇b 6= 0 then
x belongs to a ertain domain U ⊂ F n, where
1) F n arries the orthogonal onjugate system {L11, Ln−12 };
2) F n is diret Riemmanian produt F 11 × F n−12 of maximal integral submanifolds F 11 ,
F n−12 distributions L
1
1, L
n−1
2 , respetively;
3) F 1i (i = 1, 2) is the line of urvature, F
n−1
2 , where n > 2, is the surfae of urvature
of submanifold F n in Mn+p(c).
From theorem 1 we obtain the following statement on geometri struture of submanifolds
from the set Rb.
Theorem 2. Let F n be n-dimensional submanifold in simply onneted spae Mn+p(c).
If F n belongs to the set Rb and ∇b 6= 0 at eah point x ∈ F n then F n is join of losures of
its domains whih
1) is open part of diret Riemmanian produt F 11 × F n−12 of urve F 11 with urvature
k1 6= onst and (n − 1)-dimensional intrinsially planar totally geodesi in F n submanifold
F n−12 ;
2) is ontained in some (n+1)-dimensional totally geodesi submanifoldMn+1 ⊂Mn+p(c).
1 The equations of submanifolds of the set Rb.
Denote by g˜ Riemmanian metri onMn+p(c), by g indued Riemmanian metri on F n, by ∇˜
and∇ Riemmanian onnetedness onMn+p(c) and F n oordinated with g˜ and g respetively.
The seond fundamental form b denes by the equation [6, . 39℄: ∇˜XY = ∇XY +b(X, Y ) for
any vetor elds X, Y tangential to F n. Denote by D normal onnetedness F n in Mn+p(c).
For any vetor eld ξ noraml to F n, we have: ∇˜Xξ = −AξX +DXξ, where Aξ is the seond
fundsmental tensor orresponding to ξ.
For any vetor elds X, Y, Z tangential to F n, and vetor eld ξ normal to F n, we have:
g˜(b(X, Y ), ξ) = g(AξX, Y ), (1)
(∇Xb)(Y, Z) = DX(b(Y, Z))− b(∇XY, Z)− b(Y,∇XZ), (2)
(∇XAξ)Y = ∇X(AξY )−Aξ(∇XY )− ADXξY, (3)
g˜((∇Xb)(Y, Z), ξ) = g((∇XAξ)Y, Z). (4)
Denote by R and R⊥ the urvature tensors of onnetednesses ∇ and D respetively. The
equations of Gauss, Peterson  Codai and Rii if F n is submanifold in Mn+p(c) takes the
following forms respetively [6℄:
g(R(X, Y )Z,W ) = c(g(X,W )g(Y, Z)− g(X,Z)g(Y,W ))+
2
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+g˜(b(X,W ), b(Y, Z))− g˜(b(X,Z), b(Y,W )), (5)
(∇Xb)(Y, Z) = (∇Y b)(X,Z), (6)
g˜(R⊥(X, Y )ξ, η) = g([Aξ, Aη]X, Y ) (7)
for any X, Y, Z,W ∈ TF n and ξ, η ∈ T⊥F n, where TF n and T⊥F n are tangent and normal
bundles on F n respetively.
F n belongs to the set Rb if and only if, on F n, there exists 1-form µ suh that for any
X, Y, Z ∈ TF n
(∇Xb)(Y, Z) = µ(X)b(Y, Z). (8)
Equation system (5)  (8) determines submanifolds F n of the only set Rb in Mn+p(c).
2 The struture of submanifolds from the set Rb.
Before proof of teorems 1, 2 we onsider some proposals.
Let {ei}n1 be the eld of basises in TF n. We denote by S and R1 Rii form and Rii
tensor in onnetedness ∇ respetively. For any vetor elds X, Y tangent to F n form S is
dened by the following equation S(X, Y ) =
∑n
i=1 g(R(ei, X)Y, ei), operator R1 satises the
following equation S(X, Y ) = g(R1X, Y ). Submanifold F
n
is alled Eisenstein, if R1 = λI,
where I is idential transformation, λ is Eisenstein onstant.
Lemma 1. Let F n in Mn+p(c) belongs to the set Rb. If ∇b 6= 0 at eah point x ∈ F n
then F n is Eisenstein with Eisenstein onstant λ = c(n− 1).
Proof. Let {nσ}p1 be the eld of orthonormalized basises in T⊥F n. Assume Aσ = Anσ .
We denote by H the vetor of mean urvature of F n: H = Hσnσ, nH
σ = traeAσ. From (5)
using (1) we obtain:
S(X, Y ) = c(n− 1)g(X, Y ) + ng˜(H, b(X, Y ))−
p∑
σ=1
g(AσX,AσY )
∀X, Y ∈ TF n. (9)
We will show that, on F n, holds the equation
ng˜(H, b(X, Y )) =
p∑
σ=1
g(AσX,AσY ) ∀X, Y ∈ TF n. (10)
Notie that using (6) and (8) we have
g˜
(
b(X, Y ), (∇Zb)(V,W )
)
is symmetri by X, Y, Z, V,W ∈ TF n and therefore using (4), on
F n, we have:
ng˜(H, (∇Zb)(X, Y )) =
p∑
σ=1
g(AσX, (∇ZAσ)(Y )). ∀X, Y, Z ∈ TF n.
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Then using (8) we obtain the equation
µ(Z)
(
ng˜(H, b(X, Y ))−
p∑
σ=1
g(AσX,AσY )
)
= 0 ∀X, Y, Z ∈ TF n.
Sine µ 6= 0 then from the above equation we get (10). We use (10) and we obtain from (9)
that for any X, Y ∈ TF n S(X, Y ) = c(n− 1)g(X, Y ). Lemma is proved.
Denote, in T⊥x F
n, linear subspae N0(x) = {ξ(x) ∈ T⊥x F n|Aξ(x) = 0}. Denote by N1(x)
orthogonal omplement N0(x) in T
⊥
x F
n
: T⊥x F
n = N0(x) ⊕ N1(x). N1(x) is alled the rst
normal spae of submanifold F n in x. Dimension N1(x) is alled the point odimension F
n
in x. Notie that at eah point x ∈ F n
dimN1(x) ≤ min{p, n(n+ 1)
2
}.
Lemma 2. Let F n belongs to the set Rb. If ∇b 6= 0 at point x ∈ F n then dimN1(x) = 1.
Proof. Assume that dimN1(x) 6= 1 at the given point x. Sine b 6= 0 then dimN1(x) > 1
and therefore there exist vetors t1, t2, t3, t4 ∈ TxF n suh that vetors b(t1, t2), b(t3, t4) ∈
T⊥x F
n
are not ollinear. Consider linear ombination of vetors: µ(t1)µ(t2)b(t3, t4)−µ(t3)µ(t4)b(t1, t2).
Using (6) and (8) we have: µ(t1)µ(t2)b(t3, t4) − µ(t3)µ(t4)b(t1, t2) = µ(t1)µ(t3)b(t2, t4) −
µ(t3)µ(t4)b(t1, t2) = µ(t4)µ(t3)b(t2, t1) − µ(t3)µ(t4)b(t1, t2) = 0. Using linear independene
of vetors b(t1, t2), b(t3, t4) we have µ(t1)µ(t2) = µ(t3)µ(t4) = 0. Then for ∀t ∈ TxF n
µ(t)b(t1, t2) = µ(t1)b(t, t2) = µ(t2)b(t, t1) = 0. Therefore, µ(t) = 0, ∀t ∈ TxF n ontradits to
the following ondition ∇b 6= 0. Lemma is proved.
We say that F n arries planar normal onnetedness, if R⊥ ≡ 0 on F n. The last ondition
is neessary and suient for the following: submanifold F n in Mn+p(c) has n prinipal
diretions at any point [6, . 99℄.
Lemma 3. Let F n in Mn+p(c) belongs to the set Rb. If ∇b 6= 0 at any point x ∈ F n then
F n arries planar normal onnetedness.
Proof follows from lemma 2 and equations (7).
Let N be q-dimensional distribution putting the orrespondene for eah point x ∈
F n some q-dimensional subspae N(x) ∈ T⊥F n. We say that N is parallel in normal
onnetedness, if for any normal vetor eld ξ ∈ N the ovariant derivative DXξ ∈ N
for all X ∈ TF n.
Consider, on F n, distributions ∆0 and ∆1 suh that ∆0(x) = N0(x), ∆1(x) = N1(x).
Lemma 4. Let F n in Mn+p(c) belongs to the set Rb. If ∇b 6= 0 at any point x ∈ F n then
∆0 and ∆1 are parallel in normal onnetedness.
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Proof. Using lemma 2 we get for any point x ∈ F n dimN1(x) = 1. Let ξ be the
unit normal vetor eld generating the distribution ∆1. Let {Xi}n1 be the eld of basises of
tangential vetors in TF n. Therefore N1(x) = span{b(Xi(x), Xj(x)}ni,j=1 ∀x ∈ F n. From
(2), using (8) we have:
DXi(b(Xj , Xk)) = (∇Xib)(Xj , Xk) + b(∇XiXj, Xk) + b(Xj,∇XiXk) =
= µ(Xi)b(Xj , Xk) + b(∇XiXj , Xk) + b(Xj ,∇XiXk) ∈ ∆1.
ThereforeDX(b(Y, Z)) ∈ ∆1 ∀X, Y, Z ∈ TF n and heneDXξ ∈ ∆1 ∀X ∈ TF n.Moreover,
the eld ξ is parallel in normal onnetedness D. Sine g˜(ξ, ξ) = 1 then g˜(DXξ, ξ) =
0 ∀X ∈ TF n. Therefore, using the fat ∆1 is one-dimensional distribution we obtain the
equality DXξ = 0 ∀X ∈ TF n. We add ξ into the eld of orthonormalized basises {nσ}p1
in T⊥F n assuming ξ = n1. Then the elds n2, . . . , np generate distribution ∆0. We have:
g˜(ξ, nρ) = 0, ρ = 2, p. Hene g˜(ξ,DXnρ) = 0 ∀X ∈ TF n, ρ = 2, p and therefore
DXnρ ∈ ∆0 ∀X ∈ TF n, ρ = 2, p. Moreover without loss of generality we assume that the
normals n2, . . . , np are parallel in normal onnetedness D. Lemma is proved.
Proof theorem 1. From lemma 2 we get that in some neighborhood O(x) ⊂ F n of
point x there exists unit vetor eld ξ ∈ T⊥F n suh that vetor elds b(X, Y ) are ollinear
ξ for ¢á¥å X, Y ∈ TF n. We add ξ into the eld of orthonormalized basises {nσ}p1 ¢ T⊥F n
assuming ξ = n1. Then using the fat that Aξ is symmetri linear transformation, from (9)
we have
S(X, Y ) = c(n− 1)g(X, Y ) + g(AξX, Y )traeAξ − g(A2ξX, Y )
∀X, Y ∈ TF n.
Then using lemma 1 we obtain
g(traeAξAξX −A2ξX, Y ) = 0 ∀X, Y ∈ TF n.
Hene
(traeAξAξ −A2ξ)X = 0 ∀X ∈ TF n. (11)
From lemma 3 we have the fat that F n has at eah point y ∈ O(x) n prinipal diretions. The
prinipal diretions are mutually orthogonal and onjugate, and therefore are eigenvetors
of operator Aξ. Consider orthonoralized basis {ti}n1 ∈ TyF n onsisting of eigenvetors of
operator Aξ(y). Denote by ki the eigenvalue of operator Aξ(y) orresponding to the eigenvetor
ti: Aξ(y)ti = kiti, i = 1, n. Assume nh =
∑n
j=1 kj . Then from (11) we get: nhki − k2i = 0, i =
1, n. That is eah ki is root of quadrati equation k
2−nhk = 0. Sine Aξ 6= 0 then we assume
k1 = . . . = km = nh 6= 0, km+1 = . . . = kn = 0, where 1 ≤ m ≤ n. Sine nh = ∑nj=1 kj then
nh = mnh and therefore m = 1.
Denote, in O(x), two distributions L1 and L2 as: at any point y ∈ O(x)
L1(y) = {t ∈ TyF n|Aξ(y) = k1t}, L2(y) = {t ∈ TyF n|Aξ(y) = 0}.
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We will show that L1 and L2 are dierentiable distributions. Assume X1, X2, . . . , Xn are
dierentiable vetor elds tangent to F n suh that X1 and X2, . . . , Xn at the point x are
basises for L1(x) and L2(x) respetively. Denote vetor elds Y1, Y2, . . . , Yn as:
Y1 = AξX1, Yi = (Aξ − k1I)Xi, i = 2, n.
Then using (11) we obtain
AξY1 = A
2
ξX1 = k1AξX1 = k1Y1,
AξYi = Aξ((Aξ − k1I)Xi) = (A2ξ − k1Aξ)Xi = 0, i = 2, n.
Therefore Y1 belongs to L1, and Y2, . . . , Yn belong to L2. Sine Y1, . . . , Yn are linearly independent
at point x and hene in some domain U ⊂ O(x) then L1 and L2 have, in U, loal basises Y1
and Y2 . . . , Yn respetively.
We will show that L1 and L2 are involute. Using (4), we write (6) as:
(∇XAξ)Y = (∇YAξ)X ∀X, Y ∈ TF n. (12)
Using (3) we have for any X, Y ∈ TF n
Aξ([X, Y ]) = Aξ(∇XY −∇YX) = Aξ(∇XY )−Aξ(∇YX) =
= (∇YAξ)X − (∇XAξ)Y +∇X(AξY )−∇Y (AξX) + ADY ξX − ADXξY.
Then using (12) we have the following equality
Aξ([X, Y ]) = ∇X(AξY )−∇Y (AξX) + ADY ξX −ADXξY ∀X, Y ∈ TF n. (13)
From lemma 4 we have that eld ξ is parallel in normal onnetedness, i.e. DXξ = 0 ∀X ∈
TF n. Therefore, from (13) for suh ξ we obtain:
Aξ([X, Y ]) = ∇X(AξY )−∇Y (AξX) ∀X, Y ∈ TF n. (14)
If vetor eldsX, Y ∈ L1 then using the fat L1 is one-dimensional distribution we assume
X = νY1, Y = ρY1 for some funtions ν, ρ. Then from (14) we get
Aξ([X, Y ]) = ∇X(AξY )−∇Y (AξX) = ∇X(k1Y )−∇Y (k1X) =
= k1(∇XY −∇YX) +X(k1)Y − Y (k1)X =
= k1(∇XY −∇YX) + νY1(k1)ρY1 − ρY1(k1)νY1 = k1[X, Y ].
Therefore [X, Y ] ∈ L1 for any X, Y ∈ L1.
If vetor elds X, Y ∈ L2 then using the fat AξX = 0 ∀X ∈ L2 and (14) we obtain the
equality Aξ([X, Y ]) = 0. Hene [X, Y ] ∈ L2 ∀X, Y ∈ L2.
It is lear that L1, L2 are mutually orthogonal and onjugate, i.e.
g(X, Y ) = 0, b(X, Y ) = 0 ∀X ∈ L1, ∀Y ∈ L2. (15)
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TyF
n = L1(y)
⊕
L2(y) at any point y ∈ U .
Hene, in domain U, distributions L1, L2 form orthogonal onjugate system. Statement
1) of theorem is proved.
In order to omplete the proof of statement 2) we will show that distributions L1 and L2
are parallel in onnetedness ∇. Notie
Y (k1) = 0, ∀Y ∈ L2 (16)
Sine b(X,X) = k1g(X,X) ∀X ∈ L1 then
(∇Y b)(X,X) = Y (k1)g(X,X) ∀X ∈ L1, ∀Y ∈ TF n. (17)
On the other hand taking into aount the fat that from lemma 3 we have R⊥ ≡ 0, using
(2) and equations (6), (8) for any X, Y ∈ TF n we obtain:
(∇Y b)(X,X) = (∇Y b)(X,X) = (∇Xb)(X, Y ) = µ(X)b(X, Y ).
Hene, granting (15) we get
(∇Y b)(X,X) = 0 ∀X ∈ L1, ∀Y ∈ L2.
Ǳà¨¬¥­ïï ¯®á«¥¤­¥¥ equality ¢ (17), ¯à¨å®¤¨¬ ª (16).
Distributions L1 and L2 are parallel in onnetedness ∇, if respetively
∇ZX ∈ L1 ∀X ∈ L1, ∀Z ∈ TF n ¨ ∇ZY ∈ L2 ∀Y ∈ L2, ∀Z ∈ TF n. (18)
Let X ∈ L1, Y ∈ L2. At rst we prove that ∇YX ∈ L1, ∇XY ∈ L2. From (14) we have:
Aξ(∇YX −∇XY ) = ∇Y (AξX)−∇X(AξY ) = ∇Y (k1X). Hene using (16) we obtain:
Aξ(∇YX −∇XY ) = k1∇YX ∀X ∈ L1, ∀Y ∈ L2. (19)
We represent vetor elds ∇YX and ∇XY as: ∇YX = Z1 + Z2, ∇XY = V1 + V2, where
Z1, V1 ∈ L1, Z2, V2 ∈ L2. Then
Aξ(∇YX −∇XY ) = Aξ(Z1 − V1 + Z2 − V2) =
= Aξ(Z1 − V1) + Aξ(Z2 − V2) = k1(Z1 − V1).
On the other hand from (19) we get:
Aξ(∇YX −∇XY ) = k1(Z1 + Z2).
Therefore, Z2 = 0, V1 = 0. Hene
∇YX ∈ L1, ∇XY ∈ L2 ∀X ∈ L1, ∀Y ∈ L2. (20)
Then from (15) for ∀Z ∈ TF n the following equality holds g(∇ZX, Y ) + g(X,∇ZY ) = 0. If
Z ∈ L1 then using (20) from the last equation we obtain g(∇ZX, Y ) = 0. Similarily for Z ∈
7
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L2 we have g(X,∇ZY ) = 0. Therefore the following onditions hold: ∇ZX ∈ L1 ∀Z ∈ L1
and ∇ZY ∈ L2 ∀Z ∈ L2 whih with (20) bring to (18).
Therefore, in domain U, we an introdue oordinates (u1, . . . , un) suh that vetor elds
∂
∂u1
¨
∂
∂u2
, . . .
∂
∂un
generate distributions L1 and L2 respetively. Moreover,
g
(
∂
∂u1
,
∂
∂u1
)
= g11(u
1), k1 = k1(u
1),
g
(
∂
∂ui
,
∂
∂uj
)
= gij(u
2, . . . , un), g
(
∂
∂u1
,
∂
∂uj
)
= 0, i, j = 2, n. (21)
Then, in domain U, F n is diret Riemmanian produt of maximal integral manifolds F 11 and
F n−12 distributions L1 and L2 respetively: F
n = F 11 × F n−12 . Statement 2) of theorem is
proved.
The proof of statement 3) is ompleted by the following
b
(
∂
∂u1
,
∂
∂u1
)
= k1(u
1)g11(u
1)ξ,
b
(
∂
∂ui
,
∂
∂uj
)
= 0, b
(
∂
∂u1
,
∂
∂uj
)
= 0, i, j = 2, n. (22)
Theorem is proved.
Note. In domain U determined by the onditions of theorem 1 1-form µ = d ln |H|.
Aording to [2, p. 33℄ we will all submanifold F n loally reduible, if in some neighbourhood
of any its point F n arries the orthogonal onjugate system {Lk11 , . . . ,  Lkmm } (m ≥ 2) suh
that all distributions Lkii , i = 1, m are parallel in onnetedness ∇. Otherwise submanifold
F n is alled nonreduible.
From theorem 1 we have
Corollary. Let F n be irreduible submanifold in Mn+p(c). If F n belongs to the set Rb
then F n has parallel the seond fundamental form b.
Lemma 5. In domain U, determined by the onditions of theorem 1 there exists the eld
of orthonormalized basises {nσ}p1 in T⊥F n parallel in normal onnetedness D and suh that
nρ = onst, ρ = 2, p.
Proof. Consider in domain U the eld of orthonormalized basises {nσ}p1 in T⊥F n: normal
vetor elds n1 = ξ and n2, . . . , np generate respetively distributions ∆1 and ∆0. Using
8
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lemma 4, without loss of generality we assume that all normals nσ, σ = 1, p are parallel in
normal onnetedness D. Then in U using the fat Aρ = 0, ρ = 2, p, we have:
∇˜Xnρ = 0, ∀X ∈ TF n, ρ = 2, p. (23)
Lemma is proved.
Lemma 6. In domain U determined by the onditions of theorem 1, the exist loal
oordinates (v1, v2, . . . , vn) suh that vetor elds
∂
∂vi
= onst, i = 2, n.
Proof. Introdue in domain U the loal oordinates (u1, u2, . . . , un) suh that vetor
elds
∂
∂u1
and
∂
∂u2
, . . .
∂
∂un
generate distributions L11 and L
n−1
2 respetively. Then omponents of fundamental quadrati
forms of F n, in U, take the form (21), (22), and from equations (5) we obtain
R(X, Y )Z = 0 ∀X, Y, Z ∈ TF n−12 . (24)
Therefore, in domain U we an introdue the loal oordinates (v1, v2, . . . , vn):
v1 = u1, vi = vi(u2, . . . , un), i = 2, n,
in whih
g
(
∂
∂v1
,
∂
∂v1
)
= g11(v
1),
g
(
∂
∂v1
,
∂
∂vj
)
= 0, g
(
∂
∂vi
,
∂
∂vj
)
= δij , i, j = 2, n, (25)
where δij is Kroneker symbol,
b
(
∂
∂v1
,
∂
∂v1
)
= k1(v
1)g11(v
1)ξ,
b
(
∂
∂vi
,
∂
∂vj
)
= 0, b
(
∂
∂v1
,
∂
∂vj
)
= 0, i, j = 2, n. (26)
Using (25) and (26), in domain U, we have:
∇˜X ∂
∂vi
= 0 ∀X ∈ TF n, i = 2, n. (27)
Lemma is proved.
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Proof theorem 2. Let x be arbitrary point in F n. Then x is in some domain U ⊂ F n
where the onditions of theorem 1 hold. Let, in domain U, the eld {nσ}p1 is determined by
lemma 5, and the loal oordinates (v1, v2, . . . , vn) are determined by lemma 6. Introdue, in
Mn+p(c), in neighborhood of point x, the loal oordinates (y1, . . . , yn+p). Then F n is given
loally by the following equation system
ya = ya(v1, . . . , vn), a = 1, n+ p.
From (27) we have that, in domain U, the following onditions hold:
∂ya
∂vi
= dai = onst, i = 2, n, a = 1, n+ p.
Then F n, in U, an be given by the following equations:
ya = za(v1) +
n∑
i=2
dai v
i, dai = onst, i = 2, n, a = 1, n+ p. (28)
Equations v1 = v10 = onst and v
i = vi0 = onst, i = 2, n determine, in U, submanifolds F
n−1
2
and F 11 respetively. From the equality (24) we get that F
n−1
2 is internally planar in F
n
.
Sine b(X, Y ) = 0 ∀X, Y ∈ TF n−12 then F n−12 is ompletely geodesi in F n. The statement
1) of theorem is proved.
Proof of statement 2) we will do separately for every ase: c = 0, c > 0, < 0.
Case 1. c = 0, i.e. F n ⊂ En+p. Introdue, inEn+p, the Cartesian oordinates (x1, . . . , xn+p),
g˜ab = δab, a, b = 1, n+ p. Let
r = {x1(v1, v2, . . . vn), . . . , xn+p(v1, v2, . . . vn)}
be radius vetor of arbitrary point x ∈ U. Then using (23), in domain U, we have
∇˜X g˜(r, nρ) = g˜(X, nρ) + g˜(r, ∇˜Xnρ) = 0 ∀X ∈ TF n, ρ = 2, p.
Hene,
g˜(r, nρ) = cρ = onst, nρ = onst, ρ = 2, p.
I.e. U is ontained in some (n + 1)−dimensional plane En+1 ⊂ En+p normal to vetors
n2, . . . , np.
Moreover, using (28) represent radius vetor r as:
r(v1, v2, . . . , vn) = R(v1) +
n∑
i=2
vidi,
where
R(v1) = {z1(v1), . . . , zn+p(v1)}, di = {d1i , . . . , dn+pi } = onst,
g˜(di, dj) = δij , i, j = 2, n.
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Therefore, in domain U, using (25) for any vetor X = Xk ∂
∂vk
we have:
∇˜X g˜ (R, di) = g˜
(
∂r
∂v1
, di
)
X1 = g
(
∂
∂v1
,
∂
∂vi
)
X1 = 0 i = 2, n.
Hene
g˜ (R, di) = bi = onst, i = 2, n.
Therefore radius vetor R of urve F 11 is ontained in some 2-dimensional plane E
2 ⊂ En+1
normal to vetors d2, . . . , dn. Then without loss of generality we have:
r(v1, v2, . . . , vn) = {x1(v1), x2(v1), v2, . . . , vn, 0, . . . , 0}.
I.e. U is open part of diret Riemmanian produt F 11 × En−1 ⊂ En+1 ⊂ En+p of urve
F 11 ⊂ E2 and (n− 1)-dimensional plane En−1.
Case 2. c > 0. Consider Mn+p(c) as hypersphere Sn+p( 1√
c
) in En+p+1 of radius 1√
c
with
enter at origin of oordinates. Denote by b˜ the seond fundamental form Sn+p( 1√
c
) ¢ En+p+1:
b˜ =
√
cg˜. Let (x1, . . . , xn+p+1) be the Cartesian oordinates in En+p+1, g∗ab = δab, a, b =
1, n+ p+ 1 be Eulidean metri and ∇∗ be Eulidean onnetedness in En+p+1. Let r be
radius vetor of point x ∈ U in En+p+1. Denote by n the unit normal at x on Sn+p( 1√
c
) in
En+p+1 suh that n = −√cr. In domain U, for any X ∈ TF n we get:
∇∗Xnσ = ∇˜Xnσ + b˜(X, nσ) = ∇˜Xnσ +
√
cg˜(X, nσ) = ∇˜Xnσ, σ = 1, p.
Then using (23) we have:
∇∗Xnρ = 0 ∀X ∈ TF n, ρ = 2, p. (29)
I.e. nρ = onst, ρ = 2, p, ¢ E
n+p+1
. Using (29) for any X ∈ TF n we obtain:
∇∗Xg∗(r, nρ) = g∗(X, nρ) + g∗(r,∇∗Xnρ) = 0, ρ = 2, p.
Therefore,
g∗(r, nρ) = cρ = onst, nρ = onst, ρ = 2, p. (30)
Consequently any point x ∈ U is ontained in (n + 2)-dimensional plane En+2 ⊂ En+p+1
normal to vetors n2, . . . , np and parallel to vetor n, and therefore passing through the origin
of oordinates.
Hene U ⊂ Sn+1( 1√
c
) = Sn+p( 1√
c
) ∩ En+2.
Case 3. c < 0. Let En+p+11 be (n+ p+ 1)-dimensional Minkowski spae with oordinates
(x0, x1, . . . , xn+p). Pseudo-Eulidean metri g
∗
is determined as in [7, §48℄:
g∗ =
n+p∑
a,b=0
g∗abdxadxb = −dx20 +
n+p∑
a=1
dx2a.
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Let ∇∗ be onnetedness in En+p+11 oordinated with g∗. Consider Mn+p(c) as pseudosphere
Hn+p( i√−c) ¢ E
n+p+1
1 . Submanifold H
n+p( i√−c) ⊂ En+p+11 is given as:
−x20 +
n+p∑
a=1
x2a =
1
c
, x0 > 0.
Let x be arbitrary point of domain U ⊂ F n ⊂ Hn+p( i√−c). Let r be radius vetor of point
x in E
n+p+1
1 . Without loss of generality we an assume that r has the following oordinates:
x0 =
1√−c , x1 = . . . = xn+p = 0. Let n be normal to H
n+p( i√−c) in x suh that n =
√−cr
and g∗(n, n) = −1, i.e. n is imaginary unit vetor of axis Ox0. Then
∇∗Xn =
√−cX, ∇∗Xnσ = ∇˜Xnσ ∀X ∈ TF n.
Consequently as in the ase 2 we obtain the onditions (30). Therefore any point x ∈ U is
in (n+ 2)-dimensional Minkowski spae En+21 ontaining the vetor n. Hene
U ⊂ En+21 ∩Hn+p
(
i√−c
)
= Hn+1
(
i√−c
)
.
Theorem is proved.
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